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Large-Amplitude Finite Element Flutter Analysis of Composite
Panels in Hypersonic Flow
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A finite element approach is presented for determining the nonlinear flutter characteristics of three-dimen-
sional thin laminated composite panels using the full third-order piston, transverse loading, aerodynamic theory.
The unsteady, hypersonic, aerodynamic theory and the von Kdarmdn large-deflection plate theory are used to
formulate the aeroelasticity problem. Nonlinear flutter analyses are performed to assess the influence of the
higher order aerodynamic theory on the structure’s limit-cycle amplitude and the dynamic pressure of the flow
velocity. A solution procedure is presented to solve the nonlinear panel flutter finite element equations.
Nonlinear flutter analyses are performed for different boundary support conditions and for various system
parameters: aspect ratio a/b; material orthotropic ratio, lamination angle 6, and number of layers; Mach
number M; flow mass density to panel mass density ratio u/M; dynamic pressure A; and maximum deflection
to thickness ratio c/k. The large-amplitude panel flutter results for the full third-order piston aerodynamic
theory are presented to assess the influence of the nonlinear aerodynamic theory.

Nomenclature
[@] = panel aerodynamic matrix
[4], [B], [D] = laminate stiffness matrices
[a] = element aerodynamic matrix
D, = composite panel rigidity parameter
E,E\, E, = isotropic and lamina elastic modulus
[G] = panel aerodynamic damping matrix
G,Gp; = jsotropic and lamina shear modulus
2] = element aerodynamic damping

matrix

k1 = element stiffness matrix
[M] = panel mass matrix
[m] = element mass matrix
P Poo = aerodynamic pressure

= dynamic pressure

q
{U}, (VI W] = global finite element displacements

UV, W = in-plane and transverse panel
displacements
| 4 = flow velocity

= ratio of specific heats, 1.4

Y
{Au}, {Av], {Aw]} = plate element displacements

© = p.a/ph

v = Poisson’s ratio, 0.3 for isotropic

Ps Do = panel mass density and air mass
density

{®} = complex eigenvector

¢ = interpolation functions

Q = complex eigenvalue, o + iw
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Introduction

IRCRAFT flight into the supersonic regime, during the

1950s, stressed the conflicting conditions of fabricating a
structure strong enough to withstand large aerodynamic forces
during supersonic flight, yet light enough to be economically
efficient to allow for an increase in the flight vehicle’s payload
capability. Because of the resurgent interest in flight vehicles
such as the High-Speed Civil Transport (HSCT), the National
Aero-Space Plane (NASP), and the Advanced Tactical Fighter
(ATF) that will operate at high supersonic and hypersonic
Mach numbers, the additional requirement for energy-
efficient, high-strength, and minimum-weight vehicles has be-
come apparent. These requirements have generated an interest
in advanced composite materials to meet the high-strength
minimum-weight requirements. In addition to the structural
material concerns, the issue of the range of applicability of the
widely used first-order piston aerodynamic theory into the
hypersonic regime has been questioned. These questions have
been generated in response to neglecting the higher order
terms in the derivation of the first-order theory. It has been
hypothesized that the higher order terms in the piston aerody-
namic theory, at the large Mach numbers of interest, may be
significant. Coupling these concerns with the realistic need for
analytical tools to evaluate complex structures, the finite ele-
ment method presents itself as the most appropriate means
that can conveniently and efficiently incorporate all of the
known complexities of the physical problem.

Theoretical considerations of panel flutter using linear the-
ory, as well as an early survey on the subject up to 1966, was
given by Dugundji.! A thorough summary on both linear and
nonlinear panel flutter through 1970 was given by Dowell.?
Most recently, in 1987, Reed et al.? conducted a survey in the
area of hypersonic panel flutter in support of the NASP
program. As disclosed by all of these survey papers, a great
quantity of literature exists on linear panel flutter using differ-
ent aerodynamic theories, for example, Refs. 1, 4, and 5 and
many others. The aerodynamic theory employed for the most
part for panel flutter at high supersonic Mach numbers [M >
1.7, see Ref. 5] is the quasisteady first-order piston aerody-
namic theory.® An outstanding presentation of the fundamen-
tal theories and the physical understanding of panel flutter can
be found in the book on the subject by Dowell.”
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In actuality, it is well known® that the panel not only bends
but also stretches due to large-amplitude vibrations. Such
membrane tensile forces in the panel, due to the induced
stretching, provide a limited stabilizing effect of the ‘‘hard
spring’’ type that restrains the panel motion to be of bounded
amplitude for limit-cycle oscillations that increase with ampli-
tude as the dynamic pressure \;increases. The external skin of
a flight vehicle can, thus, withstand velocities beyond the
linear critical value. McIntosh® has investigated the effects of
hypersonic nonlinear aerodynamic loadings on panel flutter,
and his findings indicate that the higher order aerodynamic
theory may, for some system parameters, produce a ‘‘soft
spring”’ effect that will predict lower limit-cycle flutter veloci-
ties than those predicted by the first-order piston theory even
including the effect of membrane tensile forces in the panel. In
Ref. 2, Dowell identifies four panel flutter theories, types 1-4
shown in Table 1, and with the theory in Ref. 9 these theories
increase to five. )

Most of the early research in composite panel flutter using
classical analytical methods!®-!* has been limited to ortho-
tropic panels (or plates). Recently, a considerable focus has
turned to the application of anisotropic material. However,
most of this work has been limited to the area of linear
structural theory using classical laminated plate theory. Li-
brescu,'S retaining only the linear aerodynamic damping
terms, derived the governing equations for an arbitrary num-
ber of modes using Galerkin’s method and the Lyapunov
stability criterion. He investigated the aeroelastic stability of
orthotropic panels in the vicinity of the critical dynamic pres-
sure. The geometric nonlinear flutter of orthotropic panels
was recently studied by Eslami'6 and Eslami and Ibrahim!’
using harmonic balance. All of the analytical investigations
have been limited to two-dimensional or three-dimensional
rectangular plates with all four edges simply supported or
clamped.

Application of the finite element method to study the super-
sonic limit-cycle oscillations of two-dimensional panels was
given by Mei and Rogers,!® and Mei.!® Rao and Rao?® also
investigated the large-amplitude supersonic flutter of two-di-
mensional panels with ends elastically restrained against rota-
tion. Mei and Weidman,?! Han and Yang,”2 and Mei and
Wang,? further extended the finite element method to treat
supersonic limit-cycle oscillations of three-dimensional rectan-
gular and triangular isotropic plates, respectively. Because of
the renewed interest in panel flutter at the high supersonic and
hypersonic speeds, Gray et al.?* extend the finite element
method to investigate the hypersonic limit-cycle oscillations of
two-dimensional panels.

Finite Element Formulation

Consider a three-dimensional laminated panel of length a,
width b, thickness 2, and mass density p with a fluid flow
above the panel at Mach number M. It is assumed that fluid

Table1 Panel flutter theories

Range of
Type Structural  Aerodynamic Mach Flutter
theory theory numbers results
Linear
1 Linear piston V2Z<M<S5 Boundary
Linearized
potential
2 Linear flow l<M<S5 Boundary
Linear
3 Nonlinear piston V2<M<5 Limit cycle
Linearized
potential
4 Nonlinear flow 1<M<S Limit cycle
Nonlinear
S Nonlinear piston M>S5 Limit cycle

flow above the panel is in the positive x coordinate direction
and that the effects of the cavity on the back side of the panel
can be neglected. The sign convention to be followed is that
positive flow is in the direction of increasing x and a positive
deflection is into the cavity. Since this study addresses thin
panels (a/h > 50), the effect of transverse shear deforma-
tions, normally associated with thick plates (laminates), is
neglected (see Jones,? for example). This assumption is justi-
fied due to the minimum weight constraint that generally
drives the panel’s design parameters such that a/# is greater
than 100.

Hamilton’s Principle for a Continuum

The most general form of Hamilton’s principle for a non-
conservative elastic continuous medium is

2
j H (pum'éu)dV~<S (f-éu)dVv
HLJv 14

+ S (p-ou)ds — j (0366)dV>]df =0 1)
s v

where S and V are the surface area and volume of the element,
respectively. The terms under the time integral represent the
work done on the body at any time ¢ by the resultant force in
moving through the virtual displacement éu; f is the body
force and is neglected in this formulation; p is the specified
surface stress vector, and (o:8¢) is a stress-virtual strain-tensor
product.

Constitutive and Strain-Displacement Relationships

Since for the three-dimensional panel there are two primary
material directions, the formulation will be for the most gen-
eral anisotropic laminated material of which an isotropic ma-
terial is a special case. For an orthotropic lamina,? the stress-
strain relationship in x-y coordinates is

Oy €
fo} =9 o =|Q| €y =|Q|{e] ()
Txy Yxy )

The bar over the Q; denotes the transformed reduced stiff-
nesses relative to the x-y-z coordinate.

The form of the strain-displacement relationships for an
arbitrary point through the thickness # is as follows:

=, + VW2 — 2w,y
2
€ =V, + AW, —zw,, 3

Yxy = U,y + Ve + WioxW,y — Zzwaxy

where u and v are the in-plane (midsurface) displacements
measured along the x and y coordinate axes, respectively, and
w is the transverse displacement measured along the z axis
normal to the plane of the panel. The nonlinear terms in Eq.
(3) are commonly referred to as the von Karman nonlinear
(finite) strains.

Aerodynamic Pressure Function

The virtual work integral involving the surface stress vector
is evaluated using the unsteady full third-order piston theory
aerodynamics,® to develop the aerodynamic loads on the up-
per surface of the panel. The aerodynamic pressure loading as
given by this theory is

M|V 4 4

1 1 3
+ (;YI—;—)MZ <T/w,', + w,x> } @

2911 +1 1 2
‘p_pooz—q[_wn‘"'w’x'k(’y )M(_W’t+wax)
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The first two terms in the brackets in Eq. (4) constitute the
first-order piston theory aerodynamics, and Eq. (4) without
the cubic term represents the second-order piston theory aero-
dynamics.

Rectangular Panel

For a general plate element undergoing both bending and
extension, the complete strain for any point through the thick-
ness located at coordinate z is composed of two parts. Thus,
using Kirchhoff hypotheses, the total strain can be written as

ey Ky
le}=(e}+zik)} =3¢ ¢+2) & &)
€xy Kyy

If the relationships between the strain displacement in Eq.
(3) are written as a vector, then the membrane strain {e } takes
on the form

Uy + Yow,2
fe} = v,y + Vaw,} ©)
u:y + Ve + wsxw’y

The membrane strains in Eq. (6) can also be written as

te] =(en]} + {em) 0]

where {e,, } is the linear portion of the membrane strain, and
{ens } is the nonlinear, von Karman, membrane-bending cou-
pling strains. The curvatures written in terms of the transverse
displacement w become

— Wixx

{K} = — Wiy ®
— 2w,y

Proceeding from this point, the displacements in Egs. (6)
and (8) are approximated over a typical element using interpo-
lation functions and nodal displacement quantities as follows:

= [¢n1{AW]
u = [¢,1{Au} ®
v=I[¢]1{Av]}

Using Eq. (1) results in the following matrix equation for
the rectangular plate element:

gl
01  [m]| Gom

[ (f2] + [g1.] + [224] + [82:]) [01] {w,}
i [0] [0]

[ (la] + [21,] + [a17] + [224] + [a2/]) 101] {wf}
[0] [0

. [ 1K1 [kaml] {wf} . [ k1, [kl fml] { wf}
L [kBmf ] [kmm] W [k 1mf ] [0] W

[ B B
L 101 [01] (Wn 01 0] (wn Sm

10)

where

Aw
Wr
{w } =4 Au (§3))

" Ay

and {f]} is the internal element equilibrium forces, [k] is the
linear elastic stiffness matrix, and [k 1] and [k2] are nonlinear
stiffness matrices that depend linearly and quadratically on
displacements, respectively.

The variation principle in Eq. (1) represents a finite element
approach to study the limit-cycle oscillations of three-dimen-
sional composite panels at hypersonic speeds. The third-order
piston theory aerodynamics for the three-dimensional case will
produce two linear aerodynamic influence matrices ([g] and
[2]) and seven nonlinear aerodynamic influence matrices
(Ig1:], (g2:], [824], [21:), [als], [@24], and [a2]) where the
aerodynamic matrices are functions of the system aerody-
namic parameters, in particular the dynamic pressure g. The
aerodynamic influence matrices [g] and [@] are linear, whereas
le1,], [a1,], and [a1,] depend linearly, denoted with 1, on the
displacements, denoted with subscript f, and/or on the time
derivative of the displacements (generalized velocities), de-
noted with subscript #. The other four matrices—[g2,], [g2,],
[a24]), and [@2/]—are quadratic, denoted with 2, in displace-
ment and/or generalized velocities. The symmetry in the first-
order nonlinear stiffness matrix has been preserved? at the
expense of transferring the nonlinearity [k 1,] into two equal
parts and producing the [k 1] term. A similar transformation
was used in developing the [K1gs] term. The aerodynamic
damping matrices [g], [g 1], and [g2] are symmetrical, whereas
the aerodynamic influence matrices [a], [al], and [a2] are
skew symmetric.

System Finite Element Formulation
and Solution Procedure
System Finite Element Formulation

By subdividing the problem domain into a finite number of
discrete elements, a subsystem of elements for the three-di-
mensional panel can be assembled. The constrained system
finite element equations are then available for an iterative
solution.

After assembling the individual finite elements for the entire
system and applying the kinematic boundary conditions [e.g.,
for simple, in-plane immovable supports: (0, y) = u(a,y)
=v(x,0 =v(x, b)=w(0,y)=w(a,y)=wkx,0)=wk,b)
= 0], the nonlinear equation of motion for the coupled (bend-
ing/membrane) system represents a finite element approach
for solving the three-dimensional panel flutter problem. The
convention that upper case matrix notation pertains to the
assembled structure is used in this study to parallel the system
and element formulations.

The constrained system equation for the three- d1mens1ona1
rectangular panels has the following form:

[[_Mf] [0] ]{W;}
0 M1 W,

N [(IG] + [G1,] + [G24] + [G2:)) [01] {W;}
i [0] [o1] (A

. (] + [@1,] + [@1/] + [@24] + [@2]) [OJHWf}
i [0] [0]

LY [KBfml] {Wf} . [ K11 [Klfml] {Wf}
| [KBmf ] [Kmm ] Wm . [K 1mf ] [O] m

W,
L [ K11 m]{%} . [[Kfo] m]{wfz ={
L 01 (0] [0 0] (W,

)

(12)



GRAY AND MEL: FLUTTER ANALYSIS OF COMPOSITE PANELS 1093

where {W;] and {W,,} are the constrained nodal displace-
ments of the assembled three-dimensional system.

Similar to the two-dimensional case,?* Eq. (12), as written,
is a damped vibration problem in the configuration space and,
as such, does not conform to standard eigenvalue solution
algorithms. Thus, the approach of transforming the problem
from the configuration space to a state space is used. By
making the transformation to the state space, the governing
matrix equation, Eq. (12), becomes

M1 (01| (W G1 IK1]{(w) _

where
M1 (0] |
M] = 14
M [101 M,,1 (19
(IG] + [G1,] + [G24] + [G2]) [01}
Gl = 15
6] [ [0l [0] 15
(K] = [([&] +[@1] + [@L] + [@2,] + [@2]) {01]
[0] [0]
. [ K] [Kgfml] . [[Klffl [Klfml]
[KBmf] [Kmm] [K 1mf] [0]
[K 154] [01] [[Kszl [01] .
+[ o ol o o 18
VW
(W)= {W,,,} an

and [7] is the identity matrix.

Linearizing Procedure

The solution procedure for the three-dimensional panel is
fundamentally the same as Ref. 24 where the solution to the
homogeneous problem is sought in the form of

w) (%
b=l

where {®;} and {®,} are complex eigenvectors that are ar-
ranged as a single column vector, Q = (« + iw) is the complex
eigenvalue, and ¢ is a nonzero (scalar) constant displacement

~amplitude. Substituting the assumed response into Eq. (13)
results in the following eigenvalue problem.

A1 [0 [G] [K]){dn} B 10 19
c(ﬂ[m [11%[[—1] [01} g,j¢ 01 09

By expressing e® as a complex quantity in theé Euler form and
requiring both coefficients of sin(wt) and cos(wt) to vanish,
then Eq. (19) can be written as two separate equations:

M [01} [[Gl [K]D{‘In} _
ce <9[[01 nl Tt lien ]/ le,f o8 =19

(20)
. [M] [0] [G] IK] ){‘I’x}.
ol Q _
. ( [[01 UJ+[[—11 [01] g, S0 = 10}
e2))

Since ¢ is nonzero, Eq. (19) is for the constrained system,
and the solution sought is for all times greater than zero, both
Eqgs. (20) and (21) represent the same eigenvalue problem. To
solve Eq. (20) or (21), the nonlinear matrices in Eq. (12) need
to be evaluated. Also, since all of the system quantities used
in developing these equations are real, it must be concluded
that the nodal response quantities must also be real.! The field
expressions for the transverse panel displacement, velocity,
and slope are given in Eq. (9). All of these quantities can be
approximated from Eq. (18) by normalizing the eigenvector as
follows and by recognizing that { W} is a real quantity and, as
such, take only the real part of the normalized Eq. (18):

{W} e {IWCOS(B—Bk)

W) " 1@l L1®s]cos(B - Bk)} cos(wr) 22)

The quantity |(®,); | is the magnitude of the largest trans-
verse displacement component of the eigenvector that corre-
sponds to {®,}, and B is the corresponding phase angle.
Next, denote ¢ = Ze** as the damped amplitude. Thus, it is
clear from Eq. (22) that the sign of the real part of the
eigenvalue controls the stability of the solution. The solution
is stable for all « that are less than zero. For « equal to zero,
then ¢ equals ¢, and the resulting solution corresponds to that
of a limit-cycle oscillation. By letting

) 1 1@, lcos(B — Be)
{;, } (@] {|<I>z|005(6 - Bk)} @
then Eq. (22) becomes
{W} = c{‘il} cos(w?) 24
W o,

Using Eqgs. (24) and (9), the (scalar magnitude) transverse
velocities and slopes become

wx,y, 1), = 6] (D), cos(wt)

W, ¥, £)x = [$]x {$2r)jc0s(wt)

wx, ¥, ),y = [bwly { By} cos(wt)

U@, ¥, e = [$ulix (B2 };c08(t) (25)
U@, y, 1),y = dul,y (B2m ) cos(wi)

VLY, Dax = [0y ) (B2 ) c08(00)

Y, Y, D,y = [By)y (B2 );008(02)

In Eq. (25), the column vectors {®}; and {®,}; contain the

appropriate global eigenvector quantities from {®;} and {®,}
that correspond to the particular jth finite element. The three-
dimensional vector {®,,}; uses the subscripts f or m to denote
the appropriate bending or membrane quantity that corre-
sponds to the particular jth finite element, respectively. Thus,
with Eq. (24), the nonlinear terms in Eq. (20) can be evalu-
ated. By making use of trigonometric identities for cos?(wt)
and cos®(wt) and by neglecting the second and third harmon-
ics, the following approximations may be used to linearize Eq.
(20):

cos(wt) = (V2/2)cos(wt)

(26)
cos3(wt) = (3/4)cos(wt)

The various linearizing methods 18-23 that have been used
in the past have bounded these values. From Eq. (25), the time
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functions have an absolute value range from zero to one. The where
lower value of zero will reduce the nonlinear problem to a
“linear one whereas the upper limit of one would calculate the M ay
nonlinear stiffness based on the maximum deflected configu- (=4 N 35
ration. The lower (linear) limit merely defines the flutter Al = Ay G3)
boundary as an instability. The upper limit defines an overstiff Tyy
system by assuming the maximum value of the developed
midsurface force to occur over the entire cycle. Physically, the and
actual value starts at zero, then progresses to the maximum Npe
value of one, then goes back to zero over a half-cycle, and (M) =4 N (36)
then repeats through the second half-cycle. Thus, neglecting B3 = By
the second and third harmonics in Eq. (25) will predict a Tayy
solution that is clearly bounded between the physical ex-
tremes. .

Using Eqgs. (24) and (26), the nonlinear Eq. (10) for the are used to define [31,] and [3T5] as
three-dimensional panel results in the following element equa-

tions. May My
> _ .
Stiffness: [mAxy mAy] [9t4] 3N

Ik 1] = e[kl ]c08(wt) (272)
[k 1y] = c[FLylcos(wt) @7b) [93;‘:; ?Lfﬂ = [95] ¢8)
[k 1] = c[k1]cos(wt) (27¢)
[k Lyy] = c[¥1lcos(er) @7d) Linearized stiffness:
(k21 = *[k21cos?(wt) (27¢) [Klps] = % L [P,)TIANB1IC,) dS (39a)
Aerodynamic influence:
[g1,] = c[gl,Jcos(w?) (282) (k2] = % L [CaTIe]T[A][0]{Cs) dS (39b)
[g2,] = c*[g2/]cos*(wt) (28b)
[224] = c2[g2]cos(wt) (28¢) [k1 5] =% L([ColT[S"CB][Co] + [CTIBY [BI[Py]
[al,] = c[al ]cos(wt) (28d)
[a1/] = clal;]cos(wt) (28¢) * [P‘”]T[B][e][c"]> a5 @99
[a24] = a2 Jcost(wt) 286) 1
2] = ca2, oS (a) 288) k1] = > L [ClTIO17[A]{P,] dS (39d)

The linearized stiffness and aerodynamic influence matrices ]
are defined as follows: k1] = 3 S [CTINLIIC,] dS (39¢)
s

[ 16wl
Gl = [ [¢w],y] 29) Linearized aerodynamic influence:
= [Dwlex _q('y+ 1) S < < )
Pl=| —idul, 30) gl]= 2R [oul{®ir); J{dw])ldn]1dS (402)
—2[dwlxy
_galy+ DM Y
hl. O [g2,] = 3% L<[¢w] [‘ﬁu},) {ow}lon1dS  (40b)
[P, = 0 Ié], (31)
DM -
[¢u]ay [¢V]!X [ngt] = % j‘ <[¢w],x {sz }J>
: s
[¢w]’x{§2f}j 0_
) 0 [duly(®y); G2) X <[¢w1 {«in,»},) {dw)[Dv]dS (40¢)
[¢w]sy{¢2f}j [¢w]’x{§2f}j
. . . face fi , )
The linearized midsurface orces [a1,] = qly ; 1) S <[¢w] {8y }j> (60 ) [bu].x dS (40d)
- s
{94]) = [A1[IP,){ P2 }; (33)
and giy+1)

[mB ] = [B][Pw]{izf ]j (34) [alf] = T SS([¢w]sx [sz }1) {¢w } [¢w]ax ds (406)
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DM o
[a2,) = L0 DM L(wwl,x {da,»},-)

2V
X <[¢w] {‘i’lf}j>{¢w}[¢w],x ds (40f)
)M RV
[azf] = % §S<[¢w]sx {(I)Zf }J> {¢w ] [¢w]sx das (40g)
where (), = [3()/3x].

Linearizing Method for System Equations

Assembling the element equations for the constrained sys-
tem and using the linearized element matrices, Eqs. (39) and
(40) result in the following linearized eigenvalue problem:

. o (0] (e ){4,1}
at Q _
- < [[01 Ul] ' [[—1] [01] 2,) ") {0(}41)

where the linearized matrices [G] and [X] are defined for the
three-dimensional panel as

M1 [0] }

42
0] [My] “»

[ml]=[

<[G] + QC[GI,] + % c2[G24] + %02 [GZ,]) [0}

quantities necessary to assemble the linearized element ma-
trices and the assembled constrained system matrices. The
same process can be repeated until successive iterations yield
the same eigenvalues, both real and imaginary, and the same
eigenvectors within the limits of a convergence criterion.”
Therefore, for a given panel configuration and dynamic pres-
sure, the nonlinear system eigenvalues and eigenvectors can be
computed. h

As the dynamic pressure is increased monotonically from
zero (A = 0 corresponds to in-vacuo large-amplitude free vi-
bratlon), the symmetric, real, and positive-definite stiffness
matrix is perturbed by the skewed aerodynamic influence ma-
trix so that two of the eigenvalues approach each other until
they coalesce. A critical dynamic pressure A, for the linear
structure (¢/h = 0) and a limit-cycle dynamic pressure A, for
the nonlinear structure (¢ /2 # 0) are determined when the real
part of one of the eigenvalues approaches positive values®28
for a fixed dynamic pressure

Verification of Finite Element Method

All numerical results are obtained using a rectangular plate
element where the transverse displacement function w is a
bicubic polynomial in x and y, and the membrane displace-
ment functions # and v are bilinear in x and y.

Flutter with Linear Aerodynamics—Isotropic

To establish confidence in the present solution method, the
well-known numerical integration results of Dowell®® along
with the harmonic balance solution of Eslami'¢ for a simply
supported, in-plane immovable, square panel are presented in
Table 2. Since both of these investigators display their limit-
cycleresults in the form of plots, the limit-cycle data shown in

(gl = 2 the table were read from their figures. The finite element
‘ [0] [0] results compare favorable with the maximum difference of
only 0.2%. Also shown in Table 2 are the limit-cycle results
43) for the clamped, in-plane immovable panel. The limit-cycle
V2 V2 5 5
[G] += @411+ @A L]+ (c) (42, + (c) [421) (o] "
%] = s [ K 1 Bfml}
[0] [01 (Kpmsl  [Kmm]

+ @(c)[ [K1g]

Kl (0] 0 [0

A detailed look at the nonlinear problem from the physical
viewpoint indicates that what is required is to find a deflected

shape to compute the eigenvalues. Since the eigenvectors are

related to the deflected shape, all that is needed to approxi-
mate the solution is a shape that satisfies the geometric (essen-
tial) boundary conditions and is a variation of the exact shape.
The first approximation is the normalized linear flutter mode
shape of interest. Further refinements are made by using the
normalized nonlinear mode shape as an estimate of the de-
flected shape. This can be repeated until the estimated de-
flected shape and the computed normalized eigenvector differ
by as small a value as required. This solution procedure can
best be described as a linearized updated mode with a nonlin-
ear time function approximation (LUM/NTF) method.?*

Solution Procedure

If Eq. (18) is normalized, then it can be scaled to a given
limit-cycle amplitude c. Having normalized and scaled Eq.
(18), then Eq. (23) results, and %, v, w, and their derivatives
for each element can be easily computed as shown in Eq. (25).
Thus, by dropping the nonlinear terms in Eq. (19) and solving
the linear eigenvalue problem, the first estimate of the nodal
quantities can be approximated. With the linear eigenvectors,
the process just described can be used to approximate the

[Klfm]} . \/75 (C)[[Klef] [01] .\ % © [

" Values read from charts, A

1K 2] [01] (44)

01 o

six-mode perturbation results of Kuo et al.3° and Eslami'é were
also evaluated from charts and compared within 1.8%.

Flutter with Linear Aerodynamics—Composite

A comparison to validate the present finite element method
and solution procedure is made for a single-layer anisotropic
square panel that is clamped along one edge parallel to the
freestream flow with the other three edges free. This compari-
son combines the flutter phenomena with the full anisotropic
material effects along with a mixed set of boundary condi-

Table2 Nonlinear panel flutter with linear aerodynamics A, for a
threé-dimensional square panel (E = 10 Msi, » = 0.3,
p = 0.00026 Ib-s2/in.4, @ = b =12 in., h = 0.04 in.)

Simply supported Clamped supported

Dowell?%/ Present FEM,? Present FEM,
¢/h  Eslami!® 8 X 4 half-plate Kuo30/Eslami!6® 8 x 4 half-plate

0.0  540.5 535.75 881.0 ' 887.59
04 5784 583.38 940.5 940.12
08 7248 731.53 1081.1 1100.67

= (2q3/MD).
YFEM = flmte element method.
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Table3 Linear panel flutter A, for a three-dimensional anisotropic
cantilever square panel (E11/E» = 2, Gia/E» = 0.364, v12 = 0.24,
p = 0.00026 Ib-s2/in.%, a = b = 12 in., A = 0.004 in.)?

Lamination angle

Solution
method f =15 deg 0 =45 deg 6 =90 deg
Lin et al.32 2.470 3.920 3.455
Rossettos
and Tong3! 2.385 4.055 3.505
Present FEM,
5 % 5 full plate 2.386 4.060 3.507
Ny = (2ga’/MD,), where D, = E,,h3.
Table4 Material properties
Weight
Material FEuy, Ex, Gz, density,
number Material Msi Msi Msi v12 1b/in.3
Grs/Ep

1 T300/5208  21.30 1.58 0.93 0.38 0.058

B/Ep

Avco
2 5505/4 30.00 2.70 0.93 0.21 0.0725

B/Al

B5.6/Al

3 6061-F 31.00 20.00 8.40 0.27 0.095

Steel
4 isotropic 30.00 30.00 11.54 0.30 0.283

Aluminum

5 isotropic 10.00 10.00 3.84 0.30 0.100

tions. The present finite element results for the critical dy-
namic pressure for three lamination angles are presented in
Table 3. Since Ref. 31 elected to use a 5 X 5 mesh, these results
are also for a 5 x 5 mesh. The information presented in Table
3 is for a slightly different definition of the nondimensional
dynamic pressure that is noted in the table; thus the values are
smaller than those normally presented foi a similar isotropic
panel. For all three lamination angles that were evaluated, the
present finite element method agreement is good.

Nonlinear Panel Flutter Results

For the three-dimensional isotropig/composite panels, the
finite element method has been employed to provide a full
evaluation of the effects of the complete third-order piston
aerodynamic theory. Several cases are presented that assess
the influence of each of the higher order terms. In addition, an
evaluation of the composite panel effects is offered to investi-
gate the influence of material orthotropy, number of layers,
and stacking sequence. All-of the material properties used in
thus section are from Ref. 33 and are summarized in Table 4.

An effort has been made to present finite element resuits for
as many of the three-dimensiﬁéj;al parameters as possible.
Since for the two-dimensional panel?* ranges of u/M = 0.01-
0.1 and Mh/a = 0.05-0.1 flow parameters were presented, the
finite element results for thg,{th,ree—dimensional panel are pro-
vided for u/M =0.1 and M#/a =0.05. Limiting the flow
parameters for the three-dimensional panels minimizes the
total number of complete system parameters necessary to
study the flutter of composite panels. In addition, unless
specifically noted, the results presented in this study are for a
square, simply supported 8 X 4 half-plate symmetric mesh.

Limit-Cycle Oscillations

Panel flutter designs are generally focused on fatigue life (or
service life) considerations. That is, the repeated cyclic appli-
cation of a self-excited loading to a stress level in excess of the
material’s endurance limit results in a finite number of these
applications before a structural failure or damage becomes

imminent. Since the aerodynamic damping forces are nonlin-
ear and amplitude dependent, a stationary motion is achieved
in which the panel gains energy during part of the cycle and
dissipates energy during the remaining part of the cycle, so
that during each cycle the net energy exchange is zero. Thus at
a given flow velocity (dynamic pressure), the flow and the
structure interact to produce a stable repeated oscillation at a
specific amplitude and frequency. This stable repeated motion
is known as a limit cycle.

This study presents the numerical results necessary to de-
velop a description of the limit-cycle flutter of a composite
panel. The orthotropic, simply supported, square panel (@ =
12in., A = 0.04 in.) used for this first study is a single layer of
boron aluminum, B/Al B5.6/Al (material 3, Table 4). Solving
only the linear portion of Eq. (41) and varying the dynamic
pressure from zero monotonically result in a variation of the
system frequencies. As shown in Fig. 1, the eigenvalues of the
first and third modes increase whereas those of the second and
fourth modes decrease until two of the eigenvalues coalesce.
For this configuration, the first and second eigenvalues coa-
lesce; however, with aerodynamic damping present, the real
part of the system eigenvalue vanishes at a slightly higher
dynamic pressure. When the real part of the eigenvalue van-
ishes, the associated value of the dynamic pressure is, for the
linear analysis, referred to as the critical dynamic pressure and
defines the stability boundary. The nondimensional dynamic
pressure shown in Fig. 1 is defined as

2qa’
A=T2 5)
MD,
where
D, =Eh? (46)
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Fig. 1 Eigenvalue variation for first four linear modes of a simply
supported, square panel for material 3 (u/M = 0.10, Mh/a = 0.05).
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Fig.2 Nonlinear panel flutter eigenvalue variation vs dynamic pres-
sure using third-order piston theory aerodynamics of a simply sup-
ported, square panel for material 3 (u/M = 0.10, Mh/a = 0.05).
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The nondimensional A for this study has a different defini-
tion than that which is usually used for isotropic materials.
This definition of the dynamic pressure will be employed when
presenting or discussing three-dimensional panels whether
isotropic or composite. .

By including the nonlinear effects (geometric and aerody-
namic) in Eq. (41) for a fixed displacement amplitude and
repeating the same analysis process, the value of A for which
the real part of the eigenvalue vanishes is found to occur at a
larger dynamic pressure. For amplitude ratios of both ¢/h =
+1.0 and —1.0, the dynamic pressure and eigénvalue varia-
tions are shown in Fig. 2. As was the case for the two-dinién-
sional panel®?* the response is different for a positive or
negative displacement amplitude. When the real part of the
eigenvalue vanishes for a fixed displacement amplitude, the
corresponding dynamic pressure is the limit-cycle dynamic
pressure. Associated with this dynamic pressure and ampli-
tude is the frequency at which the panel will oscillate.

Figure 2 shows the panel response for a fixed amplitude
ratio. If this approach is repeated for several amplitude ratios,
then the response shown in Fig. 3 results. These results show
that as the limit-cycle dynamic pressure is increased above the
critical value, then the panel will oscillate at increasing ampli-
tude levels. )

The typical panel limit-cycle deflection shape is shown in
Fig. 4 for a full 12 x 8 finite element mesh; these results are
plotted along the lines y/b = 0.5 and x/a = 0.75. The basic
shape remains similar to those for two-dimensional panels.
Similarly, the maximum panel deflection is noted to occur at
0.75 of the length.

Laminated Panel Effects

Since the stiffness of a laminate depends substantially on
the number and orientation of each lamina in the laminate, an

0.8

e/l 061
Material 3

0.4 B .ch
® .o
0.2 4
0.0 - . N
40 50 60 70 80

g

Fig. 3 Variation of limit-cycle amplitude vs limit-cycle dynamic pres-
sure of a simply supported, square panel for material 3 (p/M = 0.10,
Mn/a = 0.05).
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Fig. 4 Panel limit-cycle deflection of a simply supported, single-
layer square panel for material 3 (p/M =0.10, Mh/a = 0.05,
A =67.71, ¢/h = +1.0, 12 X 8 full panel).
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Fig. 5 Effects of number of plies on limit-cycle amplitude and dy-

namic pressure for a simply-supported, square panel for material 3
(u/M =0.10, Mh/a = 0.05).
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Fig. 6 Limit-cycle amplitude at x/a = 0.75 and y/b = 0.50 vs dy-

namic pressure for various support conditions for a single-layer
square panel of material 3 (x/M =0.10, Mh/a = 0.05).

evaluation of a regular cross-ply laminated panel was per-
formed. This evaluation computed the limit-cycle dynamic
pressure for a range of limit-cycle amplitudes for several regu-
lar laminates. To effect this, a panel thickness was selected
and the number of layers were increased from one to six as the
limit-cycle amplitude was varied from zero to positive one
plate thickress. As each new lamina was added to the lami-
nate, the orientation was alternated between 0 and 90 deg.
This results in a laminate that alternates between symmetric
and unsymmetric; thus, for the unsymmetric laminate the
bending-extension [B] matrix is nonzero. However, the [B]
matrix is diagonal and only an 8 X 4 mesh half-plate was
modeled to exploit global symmetry. The variation of the
limit-cycle amplitude for a six-layer cross-ply laminate is
shown in Fig. 5. It is noted that the stiffer response is charac-
terized by a single-layer orthotropic laminate, [0], and the
softest response is exhibited by a two-layer, unsymmetric lam-
inate, [0/90], with the Os on the air flow side. This is to be
expected since the two-layer cross ply has an equal number of
0Os and 90s, 50% of each. At three layers, the total percentage
of 0s increases to 67%, the maximum percentage for a cross
ply. Any further increase in layers will reduce the effective
stiffness of the laminate up to approximately six layers at
which point it is noted that the response is no longer sensitive
to the addition of alternating layers.

Boundary Support and Aspect Ratio Effects

Generally, all of the classical solution methods are for either
simply supported or clamped supported panels. With the finite
element method, any combination of support conditions is
easy to accommodate. The limit-cycle results presented in Fig.
6 show the varying response that changing the support condi-
tions has on panel flutter. These results indicate that the
clamped panel resists flutter much better than the simply
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Fig. 7 Limit-cycle amplitude st x/é =0.75 and »/b = 0.50 vs dy-
namic pressure for a simply supported, single-layer panel for several
aspect ratios for material 3 (/M = 0.10, Mh/a = 0.05).

Fig.8 Limit-cycle parameter vs orthotropic material parameter for
limit-cycle amplitudes and a simply supported, single-layer square
panel of material 3 (z/M = 0.10, Mh/a = 0.05).

supported panel. It is interesting to note that the slopes for the
various boundary support conditions behave according to the
trailing-edge support conditions.

Since most of these results were for a square panel; the
effect of different aspect ratios (/b = 0.5, 1.0, and 2.0) is
shown in Fig. 7. The larger aspect ratios produce a more stable
response, and the smaller the aspect ratio, the less stable the
response. However, for an aspect ratio of a/b = 0.5, the loss
in stability is not as great as the increase in stability for a/b =
2.0. Thus, for the same panel flow area, the most effective use
of the material is to configure the geometry such that the
flow-direction dimension is greater than the width.

Influence of Orthotropic Materials

The major portion of this study on three-dimensional panel
flutter has focused on a single composite material. The or-
thotropic material was boron aluminum, B/Al B5.6/Al (mate-
rial 3, Table 4). For the materials listed in Table 4, it is easy to
see that there are a considerable number of cases and condi-
tions to evaluate to fully characterize flutter of a composite
panel. This section attempts to address an approach to assess
the panel flutter for different composite materials. By defining
a composite material parameter, (E),E»/ G%)vy,, the critical
(¢/h = 0) and limit-cycle (¢/h # 0) dynamic pressures can be
scaled and plotted against this material parameter for several
limit-cycle amplitudes. The results shown in Fig. 8 show a
strong linear correlation of these parameters. Thus, given any
new material properties, a reasonable estimate of the limit-cy-
cle response can be assessed provided the analysis has been
performed for at least two material systems. Further work is
required in this area to provide the designer with a meaningful

Table 5 Effects on limit-cycle dynamic pressure by neglecting
higher order terms in aerodynamic piston theory?

Three
Single layer
Case =y Wix W2 T2 T3 W3 Isotropic layer  [0/90/0]

1 1 1 0 0 0 o0 82.52 70.34 66.38
2 1 1 1 0 0 0 79.93 70.12 66.24
3 1 1 0 1 0 0 77.00 67.61 63.90
4 1 1 1 1 o 0 77.42 67.82 64.15
5 1 1 1 1 1 0 77.42 67.82 64.15
6 1 1 1 1 0 1 77.19 67.69 64.03
7 1 1 1 1 1 1 77.30 67.71 64.05

aSimply supported, /M = 0:10, Mh/a = 0.05, c/h = 1.0.

Table 6 Effects on limit-cycle dynamic pressure by liegiecting
higher order terms in aerodynamic piston theory?®

Three
Single layer
Case w1y Tix W2 T W3 Wix Isotropic layer  [0/90/0]

1 1 1 0 0 0 0 73.56 65.13 61.67
2 1 1 1 0 0 0 73.55 65.13 61.70
3 1 1 o 1 0 © 71.11 62.88 59.61
4 1 1 1 1 0 0 71.10 62.88 59.65
5 1 1 1 1 1 0 71.10 62.88 59.65
6 1 1 1 1 0 1 70.98 62.77 59.55
7 1 1 1 1 1 1 70.98 62.78 59.54

2Simply supported, u/M = 0.01, Mh/a = 0.05, ¢/h = 1.0.

tool to accommodate flutter constraints into flow surface
structural designs.

Nonlinear Aerodynamic Effects

To complete this study, an assessment of the third-order
piston aerodynamic theory is provided. The influence that the
nonlinear aerodynamic terms have on the motion of the panel
as it oscillates at a higher dynamic pressure is investigated for
an isotropic material and two composite material stacking
sequences. By including a small parameter multipler on each
of the terms in the piston theory expression, then Eq. (4) can
be written as

M V

2 +1 1 3
+ WZXW’X) +(;Y“—)M2<— T3W, + 7r3xwax) ] 47

2g i1 +1 1
D —Po= [T/WU Wy + TeWix + QTZM<_772tW,t

12 1 4

where the parameter 7 can be varied from zero to one indepen-
dently. Tables 5 and 6 summarize for the parameters shown, a
comparison of the limit-cycle results and the effects of neglect-
ing each of the nonlinear terms independently of the others.
The composite material results shown are for a boron alumi-
num material, B/Al B5.6/Al (material 3, Table 4). Seven cases
were studied where the 7 parameters took on values of either

~ zero or one. For all of these results, the term that has the most

significant influence when included in Eq. (47) is the may
parameter. This is easily seen by noting the case 3 results in
Tables 5 and 6. For this case, the first-order theory is used and
only the m,, parameter is nonzero. The most interesting con-
clusion from these results is that nearly all of the contribution
from the nonlinear aerodynamics is contained in the w,2 term.

Summary and Conclusions

The unsteady, hypersonic, aerodynamic theory and the von
Karmén large-deflection plate theory were employed to for-
mulate the aeroelastic problem. Nonlinear flutter analyses
were performed to assess the influence of the higher order
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aerodynamic theory on the structure’s limit-cycle amplitude
and the dynamic pressure of the flow velocity. The presented
procedure has been used to solve the nonlinear panel flutter
finite element equations. This procedure uses a linearized up-
dated mode approach with a nonlinear time function approxi-
mation (LUM/NTF) method. Linear finite element flutter for
isotropic and composite panels and large-amplitude isotropic
panel flutter results were compared with existing classical solu-
tions and excellent agreement between the proposed finite
element method and alternate solution methods was found.
The large-amplitude panel flutter results using a frequency
domain solution and the full third-order piston aerodynamic
theory were presented to assess the influence of the nonlinear
aerodynamic theory, and for the cases investigated only the
w,ﬁ term was found to be significant.
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